We study the response of a highly-excited time dependent quantum many-body state to a sudden local perturbation, a sort of orthogonality catastrophe problem in a transient non-equilibrium environment. To this extent we consider, as key quantity, the overlap between time dependent wavefunctions, that we write in terms of a novel two-time correlator generalizing the standard Loschmidt Echo. We discuss its physical meaning, general properties, and its connection with experimentally measurable quantities probed through non-equilibrium Ramsey interferometry schemes. Then we present explicit calculations for a one dimensional interacting Fermi system brought out of equilibrium by a sudden change of the interaction, and perturbed by the switching on of a local static potential. We show that different scattering processes give rise to remarkably different behaviors at long times, quite opposite from the equilibrium situation. In particular, while the forward scattering contribution retains its power law structure even in the presence of a large non-equilibrium perturbation, with an exponent that is strongly affected by the transient nature of the bath, the backscattering term is a source of non-linearity which generates an exponential decay in time of the Loschmidt Echo, reminiscent of an effective thermal behavior.
Introduction -The response of gapless quantum manybody systems to sudden local perturbations is a remarkably non-linear phenomenon, even a weak disturbance substantially changes the structure of the many-body state. Signatures of this orthogonality catastrophe (OC) emerge in various condensed matter settings [1] , from Xray spectra in metals [2] and Luttinger Liquids (LL) [3] [4] [5] [6] to the physics of the Kondo Effect [7] [8] [9] [10] [11] and typically results in power-law decays of dynamical correlations. Recently, impressive experimental developments with ultracold atomic gases [12] , have made possible to create and probe local excitations in a quantum many-body system with single-site and real-time resolution [13, 14] , bringing fresh new input to this venerable problem [15] . While most of the attention has been traditionally devoted to perturbations acting on systems in their ground state or, more recently, in driven stationary non-equilibrium conditions [16] [17] [18] [19] [20] [21] [22] , much less is known about the response of explicitly time dependent quantum states, such as, for example, those obtained by rapidly changing in time some parameter of an otherwise isolated system. The problem is of current experimental relevance since ultracold gases have proven to be natural laboratories where dynamical quantum correlations can be probed in the time domain. In addition, it also raises a number of intriguing theoretical questions. A coherent time dependent excitation, such as a sudden global quench, creates an effective nonequilibrium time-dependent bath for the local degrees of freedom. What is the effect of such an environment on the OC phenomenon and its associated power laws? For a generic, non-integrable, quantum many-body system one might expect this environment to be, at sufficiently long times, effectively thermal, turning the power law decay of the OC correlator into an exponential. Yet, strongly interacting quantum systems may often get trapped into long-lived metastable prethermal states which may still show genuine quantum correlations [23] [24] [25] [26] [27] . Investigating the local spectral properties of these transient states of non-equilibrium quantum matter is among the purposes of this Letter.
Transient OC Protocol -We begin with a general discussion of the non-equilibrium protocol that will be the focus of this paper. We consider a quantum many-body system initially prepared at time t 0 = 0 in the ground state |Ψ 0 of some Hamiltonian H 0 . We then let the system evolve up to some time t > t 0 with a new Hamiltonian H, i.e. |Ψ(t) = e −iHt |Ψ 0 , which differs from H 0 by a sudden change of some global parameter. This global quantum quench injects extensive energy into the system and triggers transient non-equilibrium dynamics. To gain insights into the structure of this transient state we will then switch-on a local perturbation V loc for an interval τ between t and t ′ = t + τ and compare the states obtained at time t ′ , respectively in presence or absence of the local perturbation. In the spirit of an OC problem we study the overlap
where |Ψ t+ (t ′ 
One immediately sees that when the initial state |Ψ 0 is the ground state of H, then D(t ′ , t) ≡ D eq (τ ) = Ψ 0 |e i Hτ e −i H+τ |Ψ 0 , i.e. it becomes time-translational invariant and reduces to the familiar OC correlator, also known as core-hole Green's function in the X-ray edge problem [2] or Loschmidt Echo amplitude [28] [29] [30] [31] , which recently has attracted renewed interest in the context of work statistics [32] [33] [34] [35] [36] . In equilibrium, the large time asymptotics of D eq (τ ) gives rich information on the ground state |Ψ 0 and its low-lying excitations. In particular a power-law decay reflects an orthogonality catastrophe in the low-energy sector induced by the local perturbation, mirroring the one introduced by Anderson for stationary (ground) states [1] . Considering the enormous principle importance of this phenomenon for equilibrium quantum many-body physics, it is natural to investigate its fate for time dependent excited states, as we are going to do in the following. Before turning to an example, it is useful to discuss some general features of our transient OC correlator. We start by writing it in terms of the exact eigenstates of H, H|Φ n = E n |Φ n [37]
where ρ nm (t) = Φ n |Ψ(t) Ψ(t)|Φ m . Differently from the equilibrium case, here both diagonal and off-diagonal matrix elements contribute to D(τ ; t) with a timedependent amplitude ρ nm (t) encoding information about the state of the system before the switching on of the local perturbation. The result highlights the very nature of our transient correlator as a sensitive probe of OC in excited many-body states. By averaging Eq. (3) over the waiting time t and taking the Fourier transform with respect to τ we obtain [37] P (W ) ≡ dτ e iW τ D(τ ; t) as
where we have introduced the eigenstates of the full Hamiltonian, H + |Φ α =Ẽ α |Φ α , in the presence of the local perturbation. P (W ) is the probability distribution of the work done, starting from a non-equilibrium state described by the diagonal ensemble ρ nn , and suddenly switching on the local potential. This extends to the non-equilibrium case the connection between the OC correlator and work statistics and represents an interesting result on its own, in view of recent theoretical interest in characterizing the work statistics and its universal properties in non-thermal ensembles [38, 39] . While it is known that in equilibrium the work statistics of local quenches shows zero-temperature edge singularities [9, 32] , we will see below how this is modified in the presence of bulk excitations.
Finally, it is interesting to discuss experimental protocols to measure the transient OC correlator. Recent proposals outline how the equilibrium OC correlator may be measured [15, 31, [40] [41] [42] [43] [44] [45] . The key is to use an auxiliary two-level system (TLS) or qubit, coupled to the system through the local perturbation,
Cold atoms and other hybrid systems, such as circuit QED units, represent the natural platforms to realize this. Here we extend these ideas to design non-equilibrium Ramsey interferometry schemes to manipulate the TLS in such a way as to obtain D(t ′ ; t) out of simple local TLS measurements. For example, the real part of the transient OC correlator can be obtained by measuring the x−component of TLS magnetization [37] ,
where |Φ t (t ′ ) is a state obtained with a specific protocol involving (i) a first evolution up to time t (ii) a Ramsey π/2 pulse and (iii) a second time evolution up to time t ′ = t + τ . Alternatively, one can obtain D(t ′ ; t) from a TLS dynamical correlator, a non-equilibrium analog of the core-hole Green's function in the X-ray edge problem [37] .
Quenched Luttinger Liquid in a Transient Local Potential-We now focus our attention on a 1D spinless interacting Fermi system described by the Luttinger model [46] and brought out of equilibrium by a sudden quench of the interaction. In the bosonization language, the Hamiltonian of the system after the quench can be written in terms of collective LL degrees of freedom φ(x), θ(x) as
where the initial state |Ψ 0 corresponds to the ground state of Eq (6) with Luttinger parameter K 0 = K [62] . The dynamics after this global quantum quench has been studied in great detail [47] . Since we are interested in the correlator defined in Eq. (2) we have to discuss the nature of the local perturbation. Here we consider a static potential that couples to the electron density through a forward (fs) and a backward (bs) scattering term [46, 48] which in bosonic variables is
The evaluation of the transient OC correlator D(t ′ , t) greatly simplifies by noticing that, as in equilibrium, the forward and backward scattering processes are decoupled, i.e. they involve independent degrees of freedom [37] . As a result, we find that the OC correlator factorizes into D(t ′ , t) = D fs (t ′ , t) D bs (t ′ , t). Forward-Scattering -Let us start by discussing the forward scattering contribution, which can be computed exactly using a method due to Schotte and Schotte [48, 49] . The final result is
with η = g fs K/u, which can be evaluated in terms of local correlators of the quenched LL [37] . It is useful to write the OC correlator as a function of the variables t ′ − t = τ and t
where Λ is an ultra-violet cut-off and the transient func-
the phase ϕ(τ ) = 
We immediately see that for K = K 0 the above expression reduces to the well known result for the equilibrium LL, D 2 [3, 48, 50] . In the case of a bulk quench, K 0 = K the situation is more interesting. As we see from figure 1 when both time arguments are longer than the microscopic time scale, i.e. t, τ ≫ 1/Λ, the OC correlator features two distinct power-law regimes, with a crossover scale set by the total time t after the bulk quench. The intermediate-time regime, 1/Λ ≪ τ ≪ t, when the duration of the local perturbation is much shorter than the one of the global bulk excitation, can be described by a completely dephased non-equilibrium environment which gives a decay D fs ∼ τ Back-Scattering -We now consider the backscattering potential and start with a perturbative calculation of D bs (t ′ , t). Using the linked cluster theorem we may write
where only connected (c) averages contribute, V bs is defined in (7), and V bs (t) is in the interaction representation of the post-quench global Hamiltonian. Expanding in powers of V bs we get to lowest order,
(12) The result can be evaluated in terms of local correlators of the quenched LL [37] . In equilibrium, K 0 = K, the OC correlator is a function only of τ = t ′ − t and the integral (12) can be evaluated analytically [48] . The result shows that for K > 1 the correlator goes to a constant at long times, i.e. perturbation theory in V bs is well behaved. In contrast for K < 1 perturbative correction blows up at long times, Λτ ≫ 1, as Re
, consistent with the result that the backscattering potential is relevant in this regime [5] . A crossover time scale τ eq * (K) can be extracted by setting
In the strong coupling phase (K < 1) one can show that at long times (τ ≫ τ eq * ) the correlator C (2) (τ ) can be resummed into a logarithmic divergence, which gives rise to a universal power law for D bs (τ ) ∼ 1/τ 1/8 [3, [51] [52] [53] [54] [55] [56] . Finite temperature effects generally change this power law to an exponential decay of the OC correlator [37] .
Let us now study the non-equilibrium case, K 0 = K, which is considerably richer. We use the same parametrization as in the forward scattering case, in terms of τ = t ′ − t and the total time t after the quench, i.e. C plify the discussion let us assume first an infinite waiting time after the quench, i.e. t → ∞, at fixed τ . In figure 1 we plot −Re C Fig 2) , corresponding to K neq > 1/2, the leading long time behavior has a linear divergence Re C (2) ∞ (τ ) ∼ −γ ⋆ τ with a prefactor that can be evaluated in closed form (all energy scales in units of Λ)
where Γ(x) is the Gamma function. Such behavior results, through Eq. (11), into an exponential decay of the OC correlator D bs (τ ) ∼ exp (−γ * τ ), resulting in a Lorentzian work distribution P (W ) of width γ ⋆ and reminiscent of an equilibrium finite temperature behavior [37] .
To further investigate this regime we define a time dependent relaxation rate γ(
∞ (τ ) and plot it in figure 2 (top panels) for different values of K 0 , K. From this we see that upon approaching K → K ⋆ (right panel) the relaxation rate diverges and, quite differently from the thermal equilibrium case, we find a region of parameters for K 0 < 1 and K < K ⋆ (see lower right panel Fig 2) , corresponding to K neq < 1/2, where the correlator C 
. Such a divergence suggests that the problem retains in this regime a strong coupling nature and allows us to define a non-equilibrium crossover time scale Λτ
controlling the flow of the back-scattering potential (see below). While these results have been obtained assuming an infinite waiting time after the quench, finite time effects do not seem to qualitatively change this behavior [37] .
We now consider the effect of higher order backscattering terms using a time dependent Renormalization Group method recently developed for the bulk SineGordon problem [57] . We refer the reader to Ref. 37 for details about the derivation of the RG flow and here discuss the main results. At two-loop order we obtain renormalization corrections to the vertex g bs as well as to the quadratic part of the action, that we parameterize in terms of a dissipation η (an effective friction for the local coordinate due to its coupling to the bulk degrees of freedom) and an effective temperature T eff [37, 58] . Setting Λ = 1 we obtain flow equations,
where T m is the time after the quench, and I η (T m ), I T eff (T m ) are given in Ref. 37 . The initial conditions for the RG are η(l = 1) = 2/(πK), T eff (l = 1) = 0. If we take the long time (T m → ∞) limit, from the RG flow we immediately see that (i) for K neq > 1 the back-scattering is irrelevant and yet it generates an effective temperature whose value is T eff ∼ g 2 bs I T eff (T m = ∞)/η(l = 1), (ii) for K neq < 1 the problem flows to strong coupling on time scales larger than τ neq * , yet a well defined effective temperature can still be identified, at least as long as the relaxation rate γ * or the local dissipation η, stays finite, i.e. for K neq > 1/2 (see figure 2) . Deep in the strong coupling phase the perturbative analysis suggests that the OC correlator might eventually keep its power law behavior, a result which would be remarkable, yet from the current analysis we cannot firmly conclude whether a genuine non-equilibrium strong coupling regime remains intact or higher order corrections eventually cut the RG flow.
We note that the effective-temperature T eff is not equivalent to a true temperature T , since the latter implies a relaxation rate in the OC correlator γ T ∝ g 2 bs T 2K−1 [37] while the former gives a relaxation rate γ * ∝ T eff /(2K neq − 1). Thus even in the long time limit, and for a local non-linearity, important differences arise between the OC physics in the presence of a thermalized bath and the one studied in this paper, where the bath is in a non-equilibrium prethermalized state. It is interesting to note that an effective temperature is also generated in very different contexts such as nonequilibrium steadystates arising due to externally imposed voltage bias [20] and noise [22] .
Conclusions -We have introduced a non-equilibrium OC problem, highlighting its experimental relevance and have studied it in detail for 1D interacting fermions out of equilibrium due to a global quench. We have discussed how the non-equilibrium environment affects the forward and backward scattering contribution to the OC correlator. We have shown that, while the former retains its power law structure even in the presence of a strong nonequilibrium perturbation the latter is a source of nonlinearity which generates locally an exponential decay in time of the OC correlator. Such a result appears to be consistent with a recent numerical study on Loschmidt echo decay in a 1D spin chain after a local quench starting from a highly excited state [59] .
We expect the physics of this quench-induced decoherence to be relevant in other contexts as well, most notably in steady-state transport, where it will result in a non-vanishing zero bias conductance in the weak-link limit as well as a non-zero backscattering correction in the dual limit [60] , a result which is consistent with the non-vanishing impurity density of states recently found in [61] .
Supplementary Material for "Transient Orthogonality Catastrophe in a Time
Dependent Non-Equilibrium Environment" The supplementary material contains the following: Section I discusses the properties of the transient orthogonality catastrophe (OC) correlator and explicitly shows how it may be measured in experiments. Section II discusses the properties of the quenched Luttinger liquid giving expressions for the Green's functions that are needed for later calculations. Section III shows how the OC correlator factorizes into forward and backward scattering components. The OC correlator under the influence of forward scattering is derived. Section IV discusses the effect of the backward scattering potential on the OC correlator employing perturbation theory. Section V treats the effect of the backscattering potential using a time-dependent renormalization group method.
I. TRANSIENT ORTHOGONALITY CATASTROPHE CORRELATOR: GENERAL PROPERTIES
In this section we derive a number of results used in the main text for the transient orthogonality catastrophe (OC) correlator in terms of exact eigenstates of the system. We start from the definition
where, we recall,
We then introduce two complete sets of eigenstates of H to get
where ρ nm (t) = Φ n |Ψ 0 Ψ 0 |Φ m e i(Em−En)t . It is useful to compare this result to the equilibrium finite temperature OC correlator which reads
We notice that in equilibrium only the diagonal states contribute with a weight given by their thermal density matrix ρ n = e −β En /Z. We then introduce a complete set of eigenstates of H + , H + |Φ α =Ẽ α |Φ α and get
If we now take the average over the holding time t, i.e.
we get
This result can be now Fourier transformed to give
A. Measuring Transient OC Correlator with Non-Equilibrium Ramsey Interferometry Schemes
We now turn to discuss a possible experimental protocol to measure the transient OC correlator, based on a nonequilibrium extension of Ramsey interferometry schemes [1] [2] [3] . The basic idea takes advantage of the enormous progress in building hybrid quantum systems made, for example, by a qubit coupled to a cold atomic gas, and in probing and manipulating the resulting quantum many body state with single site local resolution. In this spirit, the idea is to use an auxiliary two-level system (TLS) or qubit, coupled to the system through the local perturbation, i.e. to define an auxiliary Hamiltonian
living in an extended Hilbert space containing both system and local TLS degrees of freedom. The local TLS can be manipulated using Ramsey pulses which are represented by the following operator acting on the TLS
where θ = Ω Rabi T pulse while φ is the phase of the laser. The Ramsey operation acting on the two eigenstates of the TLS, | ↑ , | ↓ , creates linear superposition states
Using these operations it is then very natural to design a scheme to manipulate the TLS in such a way as to obtain D(t ′ ; t) out of simple local measurements. As an example, we consider the system to be prepared initially at time zero in the product state
We first evolve the system up to some time t with the Hamiltonian H[σ z ] to create the initial non-equilibrium state
where as before |Ψ(t) = e −iHt |Ψ 0 . We then act with a specific Ramsey pulse on the resulting state, creating a linear superposition for the TLS
We then evolve again the system with the full Hamiltonian up to time t ′ = t + τ , with the difference being that now the superposition state triggers nontrivial dynamics which effectively implements the local quench. Indeed one has
At the time t ′ one finally performs a (destructive) measurement of the TLS magnetization along x, y on the state |Φ t (t ′ ) and projects back onto the same state, to give
B. Transient OC Overlap as a Dynamical Correlator of a Local Quantum Degree of Freedom
We now show that the overlap in Eq.(1) can be written in terms of a dynamical correlator of a local quantum degree of freedom, for example a TLS as in previous section or a spinless fermionic level as would be natural in the context of a non-equilibrium X-ray edge problem, coupled to our system through the auxiliary Hamiltonian (8) . The crucial observation is that since σ z is conserved
the TLS has no explicit dynamics under H and for most observables the two sectors of the Hilbert space corresponding to σ z = ± decouple, their dynamics being described by the Hamiltonians H[+] = H + V loc = H + and H[−] = H respectively. However this is not the case for correlators of the TLS itself, such as for example
where the TLS operators are evolved with the full Hamiltonian H[σ z ], i.e.
while the average is taken over the state | Ψ 0↓ = |Ψ 0 ⊗ | ↓ . It is then easy to see that the TLS propagator (or core-hole Green's function in the fermionic language) takes the form of
II. LOCAL REAL-TIME GREEN'S FUNCTIONS FOR A QUENCHED LUTTINGER LIQUID
In this section we compute the local real-time Green's functions (GF) of the Luttinger Liquid (LL) after a quench of K, u. At time t = 0 we have an equilibrium LL with the Hamiltonian
and for time t > 0 we let the system evolve with the Hamiltonian
To preserve Galilean invariance (which is not necessary for the formalism), we assume u = v F /K, u 0 = v F /K 0 . The retarded (R), advanced (A) and Keldysh (K) component of the local Green's function at the impurity site x = 0, i.e. for the field φ(t) ≡ φ(x = 0, t) are defined as
where we notice that G A φφ (t, t ′ ) = G R φφ (t ′ , t). In these expressions, the time evolution of the field operator is done with respect to H in Eq. (23) while the average is taken over the ground state of H 0 . We use a bosonization prescription where,
Let us denote a UV cutoff as Λ = u α . In order to evaluate the real-time Green's function of the field φ(x) it is useful to express the Heisenberg time evolution of the bosonic modes
in terms of the bosonic modes that diagonalize the initial Hamiltonian, η p , η † −p . After some simple algebra we get
where
with e −2β0 = K 0 and e −2β = K. Useful combinations of bosonic operators are
where we have defined
In addition it is useful to remember that for a thermal occupation of the bosonic mode η p we have
Inserting the definition of the field φ(x = 0, t) in terms of the bosonic modes gives the following for the retarded Green's function
We notice that G R,A does not depend on the initial condition and is time-translational-invariant (TTI) even for a non-equilibrium quench problem, an artifact of the non-interacting nature of the problem. In contrast the Keldysh Green's function reads
and depends as expected on the initial condition through K 0 and the occupation probability of the boson modes in the initial state, here assumed to be in equilibrium at a finite temperature T . G K shows a TTI component as well as a non-TTI one.
Similarly we can define the local Green's functions for the field θ(t) ≡ θ(x = 0, t)
One can immediately see that the above correlators for the θ-field can be obtained from those for the φ-field by making the substitution
as one can confirm by a direct calculation. Finally we will also be interested in computing the following correlator
where a, b = ±. In general we can write it as
If we consider for example, a = b = + and use the previous result we find
We need the combination
where we have introduced the coefficients
III. FORWARD SCATTERING CONTRIBUTION TO THE OC CORRELATOR: UNITARY TRANSFORMATION
As anticipated in the main text, the evaluation of the transient OC correlator D(t ′ ; t) greatly simplifies by noticing that the forward and backward scattering processes are decoupled. To see this we follow standard steps 4,5 and introduce first the even and odd combinations of the LL fields θ, φ, defined as
Then, it is convenient to introduce new chiral bosonic fields Φ s/a (x) = √ Kθ o/e (x) +
, Φ a (y)] = 0. It is particularly convenient to write the local interaction in terms of these fields due to their well defined properties under inversion. In particular the local interaction may be written as
While the bulk LL Hamiltonian becomes
As a result, we find that the OC correlator factorizes into D(t
. We now analyze the forward scattering term for the case of a quenched non-equilibrium LL, which can be evaluated exactly using the same trick introduced by Schotte and Schotte 6 in their bosonization treatment of the Xray edge problem in Fermi Liquids. We aim to compute the correlator
whereH a+ contains the forward scattering potential term for the antisymmetric field Φ a , i.e.
The calculation can be done exactly by noticing that the forward scattering term can be eliminated by a unitary transformation Ω such that
Then one can write the above correlator as
The unitary operator Ω takes the form
with λ = − K 2 g f s /u. This can be easily seen using the algebra of the fields Φ a (x). In particular it is easy to see that Ω implements a shift
so that by plugging this result into Eq. (58) we see that by properly choosing λ we can eliminate the forward scattering term. Then, using the relation between the antisymmetric mode Φ a (0) and the original degrees of freedom of the LL θ(0)
we finally obtain the correlator
whose evaluation reduces to known correlation functions of the quenched LL which have been evaluated in the previous section.
IV. BACKSCATTERING CONTRIBUTION TO THE OC CORRELATOR: PERTURBATIVE CALCULATION
The backscattering contribution to the OC correlator reads D bs (t ′ , t) = exp C(t ′ , t), with
This quantity admits a perturbative expansion, which can be written in terms of the basic correlators of the quenched bulk LL. We can evaluate the second order contribution with a calculation similar to the previous one
which can be written after some algebra using the results of previous sections as
It is tempting to proceed as previously and shift the integration variables t 1,2 → t 1,2 − t to get (here we put τ = t ′ − t > 0)
Let us look in more detail at this result. In order to proceed we do a change of variables in the integral
We notice that the first term is only a function of t 1 − t 2 = 2x (we set Λ = 1 in the following)
while the second one depends on both X, x, and also on the absolute time t.
We then write the integral as
where we defined
and we also used the fact that
In the case of an infinite waiting time after the global quench, t → ∞, the factor G t (x, X) approaches a constant and we get
so that the evaluation of the correlator reduces to the single integral
whose behavior has been discussed in the main text. In figure 1 we evaluate numerically the correlator C
t (τ ) and show that finite time corrections do not change the scaling in τ and the overall qualitative behavior of this correlator, quite differently from the forward scattering case. The reason is that, in the region where the integral (74) takes its main contribution, i.e. for small x, the function ϕ t (x, τ ) does not differ substantially from its infinite time limit ϕ ∞ (x, τ ) (see figure 1, right panel) .
A. Equilibrium
Let us discuss the equilibrium case, where analytical results can be obtained. Here K 0 = K, which implies K neq = K eq and K tr = 0. In what follows we set γ = 2 so that K eq = K. Then we can write, after some algebra (setting τ = t ′ − t) 
t (τ ) correlator for K0 = 0.75, K = 0.25 and different values of the waiting time t. We see the transient factor in this case has no effect on the overall scaling with τ , differently from the forward scattering case. In the left panel we show, for K0 = 0.75, K = 0.25 the function ϕt(x, τ ) defined in the text and compare it to its long time limit ϕ∞(x, τ ) to show that finite time corrections have little effect in the region of small x.
The integral can be evaluated in closed form and we get for the real part
For large times τ ≫ 1 we find
This is an interesting result: we see that for K > 1 the correlator goes to a constant at long times, i.e. the perturbation theory does not break down, which is consistent with the RG flow of the back-scattering being irrelevant. In contrast for K < 1 the perturbative correction blows up at long times and the result (79) is only valid on short times scales while higher order corrections diverge even faster. One can extract a time scale τ * which signals the breakdown of perturbation theory and the flow to strong coupling, given by the condition
which is consistent with the scale one obtains from the RG (see below). The situation at K = 1 is of course peculiar, since at the critical point the RG flow is marginal and we should expect a logarithmic behavior. The result (79) for K → 1 confirms this expectation In the relevant phase, K < 1/2, the relaxation diverge at low temperature as a power law γT ∼ T 2K−1 .
Equilibrium Finite T
Before concluding, let us evaluate how the correlator C (2) (τ ) behaves in equilibrium at finite temperature T . For this we only need the Keldysh component of the local field Green's function which now reads
Using this result and repeating the previous steps we get
After some simple manipulations we obtain the following for the real part
We could not find a closed analytical form for this integral valid for any temperature and time, however from the numerical evaluation (see figure 2 , left panel) we find that, at any finite T , the leading long-time behavior is linear for any K
The dynamics of Re C (2) (τ ) is interesting, with a clear time scale τ th (T ) controlling the crossover from the intermediate time "zero temperature" regime to the "finite temperature" long time regime, a time scale which diverges as T → 0. The slope of the linear term can be seen as a relaxation rate γ T which can be written as
Numerically (see figure 2 , right panel) we find a low temperature behavior for γ T consistent with a power law, i.e. γ T ∼ g 2 bs T 2K−1 . This result is also consistent with the fact that the renormalization group flows in equilibrium are cut-off by the temperature. Thus, at finite temperature, one may replace the bare couplings by the renormalized coupling g bs T K−1 .
V. TIME DEPENDENT RG FOR THE BACKSCATTERING POTENTIAL
For the RG formulation it is convenient to use a Keldysh action formalism. To this extent we write the Keldysh generating functional for the problem
where the action S is defined on the two branches of the Keldysh contour C, and the time t is a contour time living on C (we will move to the RAK basis later). The action reads
Since the non-linearity is only acting at a single point x = 0 it is useful to integrate out all the bulk modes of the field, φ(x = 0, t) and obtain an effective action for the boundary field φ(t) ≡ φ(x = 0, t),
In the next section we derive the effective Keldysh action for this impurity problem.
A. Effective Action for the Local Impurity Degree of Freedom
In this section we derive the effective action for the local impurity by integrating out all the bulk modes other than the field at x = 0. To this extent we follow Ref. 5 and introduce a delta function constraint
Using an integral representation of the constraint
we can write the partition function as
where S bs is the backscattering action and Γ[λ(t)] reads
which is nothing but the generating functional of a Luttinger Liquid in a source λ(x, t) = δ(x) λ(t) that couples to the field at x = 0. Since the theory is gaussian the generating functional can be easily obtained and reads
where G(x − y; t, t; ′ ) is the contour ordered Green's function of the non-equilibrium LL
Finally, using this result we can perform the gaussian integral in Eq. (94) over the auxiliary field λ(t) to get
which gives the effective action
B. Derivation of RG equations from the action
Here we sketch the derivation of the RG equations from the effective action. We do the computation for a generic non-linear term
where the physical situation we are interested in corresponds to γ = 2. The quadratic part of the action may be schematically written as
where the φ fields are dimensionless scalar fields. We split the fields into slow (φ < ) and fast (φ > ) components
where the fast correlators are related in a simple way to derivatives of the full correlators,
Then the action becomes
, then the action becomes
Now let us make the arguments dimensionlesst 1 = t ′ 1 Λ. Then the action becomes
Thus the quadratic part of the action goes back to itself provided that the time is rescaled according to its engineering dimensions tΛ → t(Λ − dΛ).
In the presence of non-linearities, the fast fields may be integrated out perturbatively. Here we carry this out to O(g 2 bs ) to obtain
with η = 2 πK , T ef f = 0 initially. The back-scattering in terms of the slow fields is
The correction to the quadratic action from integrating the fast fields is,
Explicit expressions for the fast correlators are
For the non-local fast correlators, we have
In the next step we define new variables T m = 
which gives a correction to the local dissipation. Note that, 
